Statistical and analytical comparison of multi-criteria decision-making techniques under fuzzy environment
Introduction
Different multi-criteria decision-making (MCDM) techniques require different levels of effort and produce different outputs so the choice of which MCDM technique to use strongly influences the quality of the recommended decision and the amount of effort required to obtain that decision. While different decision-ranking methods may rank specific alternatives in different orders, and different decision-ranking methods have different levels of computa-tional intensity, when a simple and a complicated decision-ranking method produce similar sorts of ranks, using the simplest method can save computation time and effort without sacrificing quality.
This paper reviews the literature on MCDM techniques that have been used in diverse engineering projects, and then it evaluates and compares the performances of those techniques in terms of similarities and dissimilarities. Through theoretical, programming, and simulation work, this study develops the extensions of each individual selected MCDM technique, and it analytically investigates and statistically compares the performances of ten commonly used MCDM techniques. Considering that, in most real environments, criteria and their constraints are not deterministic and cannot be specified precisely, the MCDM techniques are evaluated under a fuzzy environment, with criteria and constraints represented as uncertain or fuzzy values.
The detailed objectives of this paper include an analytical evaluation of the different decision ranking methods and a statistical evaluation of the different ranking methods applied to decision matrices with fuzzy values. Overall, we statistically evaluated: 1) the number of alternatives, 2) the number of criteria, 3) the practice of selecting criteria weights from different distributions, 4) fuzziness level, and 5) the number of replications. These statistical evaluations allowed us to see how these five criteria affect the correlation among the final sorting of ranks when those ranks are obtained through different ranking methods applied on the same decision matrices. The developed decision matrices include triangular fuzzy numbers with both random left and right spreads and 5 levels of biased, equal, left, and right spreads. For each category, 50 sets of decision matrices were simulated. In order to investigate the role played by the size of the decision matrices (i.e., the number of alternatives and the number of criteria), 5 different decision matrices of D3,3 (3 alternatives, 3 criteria), D8,4 (8 alternatives, 4 criteria), D8.8 (8 alternatives, 8 criteria), D15,8 (15 alternatives, 8 criteria) , and D15,15 (15 alternatives, 15 criteria) were defined. For each individual decision matrix, 300 sets of matrices with fuzzy values were produced (simulated) by MATLAB and designed in the form of that decision matrix (50 sets for random left and right spreads and 250 sets for 5 levels of biased symmetrical spreads). In order to show the extension of each individual decision-making method, a decision matrix with 3 alternatives and 3 criteria was ranked through all 10 decision ranking methods. The 10 selected decision ranking methods were applied on each decision matrix, and the alternatives of each decision matrix were ranked. Overall, we statistically evaluated 300 different sets of data designed for 5 different decision sizes and 10 different ranking methods. In statistical analysis, in order to analyze the effect of increasing the uncertainty level (equal increases in the left and right spread), four levels of uncertainty were selected for analysis; therefore, from 15,0 0 0 sets of produced ranks, 12,500 ranks were analyzed.
In order to show the correlation among the produced, sorted ranks, the final, sorted ranks obtained from different methods were statistically analyzed by performing Kendall's tau-b correlation test and Spearman's rho test using SPSS software. The results from this study can guide the selection of optimal decision-making processes under fuzzy environments and offer insight into detailed applications of decision-making techniques and their use in engineering projects.
This paper does not claim that any method is better than other methods across all possible circumstances, but rather it emphasizes the importance of investigating different decision-making techniques to rank the decisions of each method and the importance of finding the most appropriate method for ranking the decisions in consideration of the decision-making conditions. Previously, not much work has been conducted to evaluate and compare the performances of MCDM methods, and most existing work has been conducted under deterministic conditions rather than the uncertain, or fuzzy, conditions that are more commonly found in real applications. In the existing literature, Celik et al. [1] conducted a comprehensive review of MCDM techniques according interval type-2 fuzzy sets, reviewing 82 different papers developed on the basis of interval type-2 fuzzy sets (IT2FSs). They categorized the applications of MCDM techniques in the fields of transportation and logistics, technology management, risk management, manufacturing, investment management, human resources management, healthcare, environment, energy, and education. Another of the previous studies, conducted by Zanakis et al. [2] , evaluated eight popular MCDM methods: ELimination Et Choix Traduisant la REalité (ELECTRE), technique for order preference by similarity to ideal solution (TOPSIS), simple additive weights (SAW), weighted product method (WPM), and four types of the analytical hierarchy process (AHP) -original, geometric scale, right eigenvector, and mean transformation solution [3] . Their work found that ELECTRE and VIKOR produced different rankings than the other selected MCDM methods; additionally, ELECTRE and VIKOR did not produce global rankings of the alternatives. For design parameters in the simulation of the decisionmaking matrix, their investigation considered the number of criteria, the number of alternatives, population distribution for selecting the weight of criteria, and number of replications. These researchers also statistically investigated the ranking effects of different methods for weighting decision criteria: 1) equal weights for all decision criteria, 2) unbiased distribution (i.e., normal distribution) of weights, and 3) a biased weight distribution (e.g., a U-shaped distribution). Several other studies in which researchers investigate specific MCDM techniques have also been conducted. Gul et al. [4] developed a literature review on VIKOR with its fuzzy extensions and applications, discussing extensions of the VIKOR method under a fuzzy environment. In total, they evaluated about 343 papers that utilized the VIKOR method in 13 different application areas. Their study showed that the major applications of VIKOR have been in the fields of mechanical engineering, manufacturing, and engineering design. Furthermore, Mardani et al. [5] developed a review study on the methodologies and applications of VIKOR method. They reviewed the studies that utilized VIKOR as a decision-making tool, reviewing 176 papers published from 2004 to 2015. Researchers from 15 different fields have utilized VIKOR, and the fields that have utilized VIKOR most have been operation management and human resource management.
Behzadian et al. [6] developed a literature review on TOPSIS applications. They studied 266 papers that applied TOPSIS to rank the alternatives. In another study, Behzadian et al. [7] developed a review on the methodologies and applications of a decision-making technique entitled "Preference Ranking Organization METHod for Enrichment of Evaluations (PROMETHEE)". They reviewed and evaluated 217 papers and categorized their applications in different fields such as environment management, water resource management and hydrology, energy management, and several other decision-making areas.
A review by Behzadian et al. [6] categorized the applications of TOPSIS in multiple areas: logistics and supply chain management, manufacturing engineering, business management, health care and environment management, energy and resources management, chemical engineering management, water resources project, and several other decision-making fields. In addition, Zavadskas et al. [8] developed a review study on different applications of TOP-SIS in ranking decisions in complicated decision-making projects. They reviewed 105 papers, published from 20 0 0 to 2015, that utilized TOPSIS for ranking decisions. Their review study indicates that TOPSIS has compatibility potential with different existing conditions on decision-making environments.
Chen [9] extended the application of the ELECTRE method under a fuzzy environment for multi-criteria group decision-making. In addition, Govindan and Jepsen [10] developed a comprehensive review study on methodologies and different applications of ELECTRE. Govindan and Jepsen reviewed 686 papers, from which 544 papers considered the applications of ELECTRE in 13 major areas and several sub-areas. Their review indicates that, although ELECTRE type I is a 40-year-old method, it is still used by several decision-makers in different fields; still, ELECTRE type III has been the most popular method of the ELECTRE types. Overall, different types of ELECTRE have been utilized for decision-making in the fields of financial management, risk-related problems, energy management, and environmental and natural resources management.
Mardani et al. [11] developed a review study on MCDM techniques and their applications, based on works done from 20 0 0 to 2014. They reviewed 393 papers, categorizing the applications of those MCDM techniques in 15 different fields.
Chen and Hwang [12] and Carlsson and Fuller [13] investigated several MCDM methods under fuzzy environments. Mendoza reviewed utilized MCDM methods in natural resources [14] . Zarghami and Szidarovszky [3] studied the application of MCDM techniques in environmental and water resource projects. Sabzi and King [15] utilized MCDM methods to find the optimal solution in a flood control system for a case study in Diez Lagos pond in southern New Mexico, assuming deterministic conditions. They ranked several flood controlling solutions (decisions) designed through one decision matrix. In this study, several of those techniques are formulated under fuzzy environment with triangular fuzzy values. Triantaphyllou and Lin [16] evaluated 5 different MCDM methods and concluded that SAW would be the simplest method to apply, but stated that fuzzy TOPSIS and fuzzy AHP would be more able to satisfy human appraisal.
Zavadskas and Turskis [17] developed a review study on different applications of the MCDM techniques, mostly under deterministic conditions in economics. They emphasized the importance of selecting optimal decisions in economics, since decisions are tied to profit or loss. Finally, they concluded that, although no one can say which model is the best model across all circumstances, wisely selecting the decision-making method and its solution is part of an optimal decision-making process.
Liou and Tzeng [18] commented on the paper "Multiple criteria decision making (MCDM) methods in economics: an overview, by Zavadskas and Turskis (2011)". They considered the actual existing conditions in decision-making environments, in which some criteria may have different level of dependencies, whereas, in some of the traditional decision-making models, those criteria were assumed as independent variables.
The work of Zanakis et al. [2] on MCDM methods can be expanded by incorporating fuzzy values: these researchers used deterministic conditions for their decision matrix, but generally the decision-making environment is not deterministic, and the boundaries among the criteria values and selected weights are not sharp, but rather fuzzy. Therefore, in this paper, we developed the decision-making matrix under a fuzzy environment; additionally, since no previous study has performed a full pairwise comparison of the MCDM methods, this study features a full pairwise comparison of decision making methods in a fuzzy environment. In addition, in this study, the correlation analysis was performed through statistical tests to show how these methods provide similar or dissimilar sort of ranks for decision alternatives when they are applied to the same decision matrices.
Mardani et al. [19] developed a review study on fuzzy MCDM techniques and their applications. They reviewed more than 400 papers in the fields of engineering, business and management, science and technology, showing that, in the last two decades, AHP has been the most popular decision-making technique in those fields. In addition, engineering-based fields utilized the fuzzy MCDM techniques more than the other three fields did in the last two decades.
In this paper, we selected 10 common ranking methods -SAW, WPM, CP, TOPSIS, four types of AHP, ELECTRE, and VIKOR -and statistically and analytically investigated their similarities, differences, and performances in producing final, sorted ranks. The detailed objectives of our study include an analytical evaluation of the different ranking methods and a statistical evaluation of the different ranking methods applied to decision matrices with fuzzy values. In the course of the research, we statistically evaluated: 1) the number of alternatives, 2) the number of criteria, 3) the practice of selecting criteria weights from different distributions, 4) fuzziness level, and 5) the number of replications. In the final step, in order to show the correlation among the produced, sorted ranks, the final, sorted ranks obtained from different methods were statistically analyzed by performing Kendall's tau-b correlation test and Spearman's rho test using SPSS software.
Materials and methods
The developed decision matrices include triangular fuzzy numbers with both random left and right spreads, and 5 levels of biased, equal, left and right spreads. For each category, 50 sets of decision matrices were simulated. In order to investigate the role played by the size of decision matrices (i.e., the number of alternatives and the number of criteria), 5 (15 alternatives, 15 criteria) were defined. For each individual decision matrix, 300 sets of matrices with fuzzy values were produced by MATLAB and designed in the form of that decision matrix (50 sets for random left and right spreads, and 250 sets for 5 levels of biased symmetrical spreads). In order to show the extension of each individual decision-making method, a decision matrix with 3 alternatives and 3 criteria was ranked through all 10 decision ranking methods. The 10 popular selected ranking methods were applied on each decision matrix, and the alternatives of each decision matrix were ranked. Overall, we statistically evaluated 300 different sets of data designed for 5 different decision sizes and 10 different ranking methods. In statistical analysis, in order to analyze the effect of increasing the uncertainty level (equal increases in the left and right spread), four levels of uncertainty were selected for analyzing; therefore, from 15,0 0 0 sets of produced ranks, 12,500 ranks were analyzed. Since, ELECTRE was not preferable in providing full, sorted ranks among the alternatives, in comparison of the decision ranking methods, the ELECTRE was not exploited.
Considering the heavy amount of calculation and analysis for developing the final ranks under each ranking method, a specific macro was written in Microsoft Excel. As numerical results, 15,0 0 0 final, sorted ranks were obtained by running 50 macros applied on the 300 sets of decision matrices. In the final step, in order to show the correlation among the produced, sorted ranks, the final, sorted ranks obtained from different methods were statistically analyzed by performing Kendall's tau-b correlation test and Spearman's rho test using SPSS software. The numerical result is discussed in the Sections 3 and 4 .
The fuzzy environment involves the use of fuzzy sets, which have been defined by Zadeh [20] in 1965 and extended by Bellman and Zadeh [21] as a class of objects in which there is no sharp boundary between the objects that belong to the class and the objectives that do not belong to the same class [21] . When uncertainty is involved in presenting the value of x in the set A , the set will be fuzzy, and any statement regarding a number belonging to the set will have a degree of truth which can be defined by a membership function. Generally, a specific fuzzy set A in x is defined as a set of pairs as shown in Eq. (1) :
where μ A ( x ) is the membership degree of x in A, in which, for any x , there is an associated value between 0 and 1 which represents the degree of membership of x in A .
Conceptually, membership degree is representative of the degree to which any specific number x belongs to specific data set A . The membership degrees range from 0 (completely not belonging) to 1 (completely belonging) [21] . As long as uncertainty is involved in most decision making processes, the decision-making environment will be fuzzy and the fuzzy optimization method can be used as a tool for finding the ideal and anti-ideal points in multiobjective problems. All quantitative criteria can be expressed as fuzzy numbers, and qualitative criteria values can be described by linguistic terms, which can be converted to the fuzzy numbers.
Triangular fuzzy numbers
In this study, decision values were defined as triangular fuzzy numbers. Typically, there are two forms for defining triangular fuzzy numbers ˜
, where m is the central value of the triangle that has the highest membership degree μ˜ A (x ) = 1 , α and β are the extensions of the triangle to the left and right, respectively, and u and l represent the upper and lower limits, respectively, for the fuzzy number m . Fig. 1 shows a triangular fuzzy number ˜
. This fuzzy number is defined in Eq. (2) [22] .
Algebraic operations of two triangular fuzzy numbers
Algebraic operations for two triangular fuzzy numbers are conducted as described below and have been widely used through several MCDM methods under fuzzy environment. Before introducing these operations, however, it should be established that a fuzzy number A is defined as a positive value if for all x < 0 , μ˜ A (x ) = 0 [12] .
Addition and subtraction of two fuzzy numbers in the form of ˜ A = ( l, m, u ) and ˜ B = ( a, b, c ) are defined as in Eqs. (3) and ( 4 ) .
Addition and subtraction of two fuzzy numbers in the form of ˜ A = ( m, α, β) and ˜ B = ( n, γ , δ) are defined as in Eqs. (5) and ( 6 ) . 
where , ˜ A < 0 and ˜ B > 0
where , ˜ A < 0 and ˜ B < 0
The normalization procedure for benefit and cost criteria is developed as shown in Eqs. (19) and ( 20 ) :
Where c ˜
Raising a fuzzy triangular number ˜ A = ( m, α, β) to the power of p is performed as shown in Eq. (22) :
Constructing the decision matrix and developing decision ranking techniques under a fuzzy environment
In general, a decision matrix under a fuzzy environment with triangular fuzzy numbers can be established as ˜
in which ˜ x i, j is a representative value of alternative ˜ A i against criteria C j , by assuming that each element in a fuzzy decision matrix is a fuzzy triangular number [24] . However, different MCDMs utilize different approaches for constructing the decision matrix and developing the decision ranking techniques under a fuzzy environment.
In the following sections, we extend MCDM methods that Zamani-Sabzi and King [15] extended under deterministic conditions: TOPSIS, VIKOR, SAW, AHP, ELECTRE and CP. Sections 2.3.1 to 2.3.7.4 develop and define these methods under a fuzzy environment with fuzzy triangular values.
Simple additive weighting method under fuzzy environment
SAW uses linear combinations of weighted criteria for each alternative to represent and compare the overall score of the alternative, as shown in Eq. (23) :
where ˜ r i j is the fuzzy value of ith alternative against jth criteria in the normalized fuzzy decision matrix for i = 1, 2,…, m and j = 1, 2,…, n , where ˜ w j is the fuzzy value of normalized weight for jth criteria for j = 1, 2,…, n .
In this method, we first acquire the cumulative evaluation for each of the alternatives; then, the alternatives are ranked on the basis of these values [3] .
Weighted product method under fuzzy environment
The rankings in the weighted product methods are calculated as shown in Eq. (24) :
where ˜ a i j are numerically in comparable scale and indicate the amount of ith alternative against jth criteria in the decision matrix for i = 1, 2,…, m and j = 1, 2,…, n , where ˜ w j is the normalized weight of jth criteria for j = 1, 2,…, n .
Alternatives are ranked based on the ˜ A * i values in which the
) is the best rank among all alternatives.
Compromise programming under fuzzy environment
On the basis of how distant alternatives are from the ideal point, the compromise programming method ranks each of the alternatives. Eq. (25) shows the approach for calculating this Euclidean distance [25] :
where ˜ a i j is the fuzzy value of ith alternative against jth criteria in the fuzzy decision matrix for i = 1, 2,…, m and j = 1, 2,…, n , where ˜ w j is the fuzzy value of normalized weight of jth criteria for j = 1, 2,…, n .
For i = 1, 2,…, m , ˜ a * j and ˜ a j * are defined for jth components of optimum and anti-optimum values, P is variable from 1 to P = ∞ , and ˜ D P i represents the relative distances of alternatives from the ideal points under the fuzzy environment. Values for P show the importance of a criteria's deviation from their related ideal point. The parameter of P can be considered as a fuzzy value of ˜ p in the form of ˜
tually, left and right spreads (uncertainties) of P in its fuzzy form can be considered as zero. Therefore, Eq. (21) can be utilized in the required raising a fuzzy triangular number to the power of another fuzzy triangular number. Also, it should be noted that in compromise programming method, in Eq. (25) , the normalized values of ˜ a i j can be used, where in that condition ˜ a * j and ˜ a j * would be defined for jth components of optimum and anti-optimum values in the normalized decision matrix. The numerical results of this study showed that although ˜ D P i is affected, the final rank of alternatives does not change.
TOPSIS under fuzzy environment
TOPSIS as a well-known, classic ranking method, which was developed by Hwang and Yoon [26] was selected as another decisionmaking method and investigated under fuzzy environment. The parametric steps of using TOPSIS to select the optimal alternative are as follows [27] : 1) show all potential decisions as different combinations of criteria in a defined mathematical model; 2) develop an objective function that recognizes all impactful quantitative and qualitative criteria; 3) quantify all impactful qualitative criteria; 4) identify each potential alternative as a final action or decision; 5) on the basis of the number of alternatives (m) and the number of criteria (n), define the decision matrix -typically, the value for m corresponds to the number of rows in the decision matrix (number of alternatives), and the value of n corresponds to the number of criteria; 6) normalize the defined decision matrix; 7) determine the optimal and anti-optimal solutions; 8) calculate the distance separating the optimal solution from each of the alternatives; 9) calculate relative closeness of each alternative to the optimal solution; and 10) rate and rank each potential alternative based on their relative closeness. TOPSIS has been widely used through several MCDM projects under fuzzy environment [28] .
For any decision making problem within TOPSIS, an objective function is defined. Within this objective function, each alternative, the ideal point, the anti-ideal point, and the distance between the ideal and anti-ideal distance are derived. All alternatives are ranked and compared based on the defuzzified values of their relative closeness. 
where, in ( 26 ) , ( 27 ) , and ( 28 ), i = 1, 2,…, m and j = 1, 2,…, n Considering the importance preference of the criteria, different weights are proposed or defined by experts. Those fuzzy values of weights are defined in the form of matrix of weights. Then, the normalized matrix is multiplied in the matrix of weights to calculate the weighted normalized decision matrix. The matrix of weights and the weighted normalized matrix with fuzzy values are formed as follows:
where i = 1, 2,…, m and j = 1, 2,…, n . ˜ s
˜ s
2.3.4.4. Calculating "the relative closeness to the ideal solution" [12] . The closeness coefficient for each alternative is calculated using Eq. (33) , which is utilized to rank each individual alternative. Relative closeness indicates the relative distance of each alternative from the anti-ideal point; therefore, the highest value of closeness coefficient stands for the most preferable solution that has the farthest distance value from the anti-ideal point. Relative closeness is calculated as shown in Eq. (33) .
In final step, alternatives are ranked based on the values of ˜ C * i .
The analytic hierarchy process under fuzzy environment
The analytic hierarchy process was developed by Thomas L. Saaty in the 1970s, and it has been widely used in decision-making in various fields [32] [33] [34] . This method is developed based on the concept of relative importance: all defined alternatives are compared against each other versus each individual criteria to find their relative preferences. In classic AHP, linguistic variables can be used to compare all criteria and alternatives. The linguistic variables are quantified using the scalar approach, and the general steps of developing the full list of ranks using AHP is as follows:
1. In order to compare the criteria and weights with each other, all defined criteria and defined weights are simulated in the form of a matrix n × n where n is the number of the weights. For example, the comparisonwise matrix of criteria 1 and weights is obtained as shown in Equations (These two following equations can be called formulations.) 34 and 35. (35) where [ ˜ C w ] is the comparisonwise matrix of weights in which ˜ w 1 , ˜ w 2 ,…, ˜ w n are the defined weights of criteria 1 ( • The values of each column are normalized by the sum of the values in the same column, then the average of each row is calculated, which stands for the relative importance of alternatives against criteria 1. Average of first row stands for the comparative importance of the first alternative compared to the other alternatives against the associated criteria in the comparisonwise matrix.
• Multiplying all of the values in each row of matrix ˜ C and then normalizing the nth roots of those values are normalized by some of their sum (sum the nth roots of those values). The normalized values indicate the relative importance of alternatives against the associated criteria in the comparisonwise matrix.
Numerical example in Sections 2.5.5.1 -2.5.5.4 clarifies the four AHP prioritizing methods.
In each of these four methods, the relative importance values, when summed, produce a value of 1. However, as compared to the other methods, the fourth method produces relative importance values that more closely align with the pairwise comparison matrix's eigenvalues.
[
where λ max is comparison matrix C A 's largest eigenvalue . To prioritize or weight the alternatives, eigenvector w is used [35] . Within the comparison matrix,
…, n , and ˜ a ji = 1/ ˜ a i j , showing the reciprocal matrix status of comparison matrix A . Furthermore, if the condition in Eq. (37) is met, comparison matrix A will be consistent [36] :
where i , j , and k = 1,…, n .
Calculating the consistency index. The consistency index (CI)
is a measure of inconsistency for a pairwise comparison, and CI can be used to determine the consistency ratio. CI is calculated as shown in Eq. (38) :
where λ max is the largest eigenvalue of the comparisonwise matrix of ˜ C A and n is the dimension of the comparisonwise matrix of ˜ A . On the basis of CI, the consistency ratio can be calculated as shown in Eq. (39) :
where RI is a predefined random index that is selected from Table 1 on the basis of the comparison matrix's dimensions ( n ) . So as long as CR < 0.10, there is an acceptable degree of inconsistency for using the eigenvector as a priority weight [36] .
Finding the weight vector for each pairwise comparison matrix.
As stated in Section 2.3.5.1 , normalized eigenvectors may serve as priority weights for alternatives in a comparison matrix so long as the consistency ratio is less than 0.10. Notably, the fourth method in Section 2.3.5 gives values that are significantly near to eigenvector values; therefore, the nth roots of the multiplicative values in each row of the comparison matrix after normalization indicate the priority weights of the considered alternatives in each comparisonwise matrix of alternatives against each criteria.
Final ranking of alternatives with fuzzy values.
To obtain the final ranking of alternatives, we utilize the linear combination of the products of the calculated weights of the criteria from the weight vector and the related weight component of alternatives against each individual criteria. The numerical example in Section 2.5.5 demonstrate the ranking procedure for AHP.
ELECTRE under fuzzy environment
ELECTRE, which originally was developed by Roy [37] , develops alternatives' pairwise dominance relationships through a pairwise comparison of the alternatives and by defining and using concordance and discordance sets. The general steps of the ELEC-TRE for decision making under fuzzy environment are detailed in Sections 2.3.6.1 to 2.3.6.3 . Extension of the ELECTRE method have been described through numerical examples in several studies under both deterministic and fuzzy environment [38] .
Normalizing the decision matrix and developing weighted normalized decision matrices with fuzzy values.
ELECTRE develops the normalized and weighted normalized matrices through the same method used in TOPSIS and discussed in Section 2.3.4 .
Developing the concordance and discordance sets considering the fuzzy values.
For any set of m alternatives, there are m × ( m − 1) pairwise comparisons to be performed. In these comparisons, two subsets of concordance and discordance are recognized for each two alternatives k and l . In comparison of two fuzzy alternatives, ˜
x kn ) , concordance and discordance sets are obtained as follows:
Concordance and Discordance sets are defined respectively as:
and m is the number of alternatives. Conceptually and algebraically, the concordance set and the discordance set are complementary.
Developing the concordance matrix with fuzzy values. Within the concordance matrix, each particular value represents the degree of preference between two alternatives, Ã k and Ã l , that are being compared. The values of the concordance index can be calculated as shown in Eq. (40) :
where, for the normalized fuzzy triangular weights, the central value of n j=1 ˜ w j equals to 1. A higher value indicates the more preferable choice.
Developing the discordance matrix with fuzzy values. In the discordance matrix, each value indicates the comparative degree of inferiority between two alternatives, ˜ A k and ˜ A l , that are being compared. These values in the discordance index are determined as shown in Eq. (41) .
As detailed in Section 2.3.4.1 , each value of v lj and v kj represents the number of lth and kth alternatives and jth criteria within the weighted normalized decision matrix for i = 1, …, m, j = 1, …, n and k and l = 1, …, m .
When comparing the alternatives Ã k and Ã l , a higher discordance index value indicates that Ã k is less favorable compared to Ã l .
Developing the concordance dominance matrix, (
. As a necessary step in determining the concordance dominance matrix, the concordance index values of the initial concordance matrix are used to produce a threshold value, as shown in Eq. (42) (42) where k = l, f kl = 1 if c kl ≥c , and f kl = 0 if c kl < c .
Developing the discordance dominance matrix, (G = [ g kl ])
. As with the development of the concordance dominance matrix, to produce the discordance dominance matrix, the discordance index values of the initial discordance matrix are used to produce a threshold value, through the process shown in Eq. (43) : (43) where
Developing the aggregate dominance matrix, (E = [e kl ]) .
The intersection of the concordance and discordance dominance matrices produces the aggregate dominance matrix, which is calculated as shown in Eq. (44) . 
VIKOR under fuzzy environment
The VIKOR method makes use of the same basic approach utilized in compromise programming ( Section 2.3.3 ), in addition, introduces L p − metric , which conceptually is the same equation as Eq. (25) . The extension of the VIKOR method have been described through numerical examples in several researches under both deterministic and fuzzy environment [40] . Opricovic (1980) introduced the parameter L p to represent the relative distance of alternatives from the ideal points. Detailed process of ranking alternatives in VIKOR method under the fuzzy environment are described through Eqs. (45) to ( 50 ) [41] .
Determining the ideal and anti-ideal values of cost and benefit criteria under fuzzy environment. Dukstein and
The parameter of L p is defined in Eq. (45) as follows:
where ˜ w j is the normalized fuzzy value of weight of jth criteria for j = 1,…, n . In Eqs. (45) 
where
2,…, n | j , related to the cost criteria}; for i = 1, 2,…, m and j = 1, 2,…, n , each individual ˜ f i j is the amount of ith alternative against jth criteria in the decision matrix for i = 1, 2,…, m, j = 1, 2,…, n , and 
where ˜ f * j , ˜ f j− , and ˜ f i j are defined parameters derived through Eqs. (45) to ( 47 ).
is the defined weight for maximum group utility (majority of the criteria), and ( 1 − υ) is the defined weight for individual regret.
Developing final ranks of alternatives based on the fuzzy values of ˜ S , ˜
R and ˜ Q . Typically, alternatives are ranked using three different ways on the basis of the ˜ S , ˜ R and ˜ Q values. Different conditions affect the rating process, as detailed below.
The alternative A 1 with the minimum ˜ Q can hold the best rank if the two subsequent conditions are met: S , ˜ R , or both. Furthermore, for the compromise solution to be stable, υ must be greater than 0.5.
If either condition 1 or 2 is not satisfied, the ranking will be performed subject to the following rules: A m is specified through the consideration that ˜
Numerical examples
In this section, we develop an example to show the extension of defuzzification process.
Transforming fuzzy numbers to crisp values through defuzzification methods
In order to compare two fuzzy values, they should be defuzzified. Several defuzzification methods have been developed to transfer a fuzzy value to a crisp value. In order to have consistency in the defuzzification process, Yager's centroid index was utilized throughout the required defuzzification for all ranking methods.
Ranking of fuzzy numbers based on centroid index
Based on Yager's centroid index, the geometric center of fuzzy number ˜ x on the horizontal axis is calculated as follows:
where g(x) can be considered as a weight function of x values.
Usually, g(x) is assumed equal to x , μ˜ x is the membership degree of x values, and the denominator is considered as a normalizing factor equal to the total area under the membership degree function in Fig. 1 [12, 42] . Fuzzy numbers can be ranked based on x 0 values, with higher x 0 values standing for better rank. According to Eq. (51) , Yager's centroid index can be considered as a weighted mean of fuzzy number ˜ x = ( l, m, u ) . Eqs. (52) to ( 55 ) offer a numerical example of calculating the centroid index for ranking two fuzzy numbers, ˜ 
Numerical examples for developing the final rankings through different ranking methods
In this section, we use a decision matrix with three alternatives against three criteria to present examples of how different ranking methods develop final rankings. In the provided numerical example, in order to the simplification, for all alternatives, all the criteria have been considered as benefit criteria. All calculations required through these numerical examples are developed based on the algebraic and mathematical computations of fuzzy numbers that have been explained in Eqs. (3) 
The evaluated weights for three criteria are as follows:
The normalized weights are calculated by Eq. (59) as follows:
where,
Therefore, the normalized weights are calculated as follows:
In order to calculate the weighted and normalized decision matrix, matrices of weights are formed as shown in Eq. (60) .
The weighted, normalized matrix is calculated as follows:
where, i = 1, 2,…, m , and j = 1, 2,…, n .
Final ranking based on SAW
The overall score of each individual alternative is obtained through the sum of weighted normalized values as follows:
In SAW, the final ranking is developed based on the centroids values of ˜ F i , which are calculated as follows:
Final ranking based on WPM

According to Eq. (24) , ˜
, and ˜ A * 3 are calculated as follows: is ranked as ˜ 
Final ranking based on TOPSIS
With the same approach: s 2 + = 2.28, s 3 + = 2.20, s 1 − = 0.45, s 2 − = 0.78, and s 3 − = 0.81. In order to develop the final ranking, the relative closeness coefficients are calculated as follows:
Final ranking based on AHP
In order to develop the final ranking of alternatives through the AHP method, Saaty's four major prioritizing methods are calculated and evaluated. These methods are described in Sections 2.5.5.1 -2.5.5.4 [36] . 
In the above comparisonwise matrix ˜ c , for three factors in the first row,
, and
are representatives for comparing ˜ c 1 against
, and ˜ c 3 . The priority vector according to method AHP1 is calculated as follows: As explained in the Section 2.3.5 , the sum of each row is normalized by the sum of all elements of the comparisonwise matrix. Then, the importance of each alternative compared to the other alternatives against the associated criteria in the comparisonwise matrix is obtained.
It should be noted that, division of two same fuzzy values is assumed as 1 through all computation process, and it does not follow division rules for two fuzzy values as shown in Eq. (15) . Considering the Eq. (35) Priority of ˜ 1 , 1 
⎤ ⎦
The final priority of alternatives is calculated as follows: 
then,
• 
Final ranking based on the AHP prioritizing method 3.
After developing the comparisonwise matrix of alternative values against each criteria, the values of each column are normalized by the sum of the values in the same column, then the average of each row is calculated, which stands for the relative importance of alternatives against that criteria. For example, based on the developed priority weights for the comparisonwise matrix of alternative values compared against criteria 1, the average of the first row stands for the relative importance of alternative 1 against criteria 1, the average of the second row stands for the relative importance of alternative 2 against the criteria 1, and so on. Then, the sum of each column is calculated, and each value in each column is normalized by the sum of the values in the same column, as follows: In order to compare the final ranking, the centroids of the final priority ranking values are calculated as follows: , and ˜ c ˜ a i 3 ) yields 1.
Final ranking based on ELECTRE
Based on the same numerical example that was investigated above in order to develop the concordance and discordance sets and matrices, the weighted and normalized decision matrix should be defuzzified. Therefore, all fuzzy values are defuzzified through the selected defuzzification method. In order to compare the final rankings of different alternative through several decision ranking techniques, the same defuzzification method should be used throughout all decision ranking techniques. Here, the centroid method is applied to defuzzify the fuzzy values. The defuzzified form of the weighted normalized decision-making matrix and 
Developing the concordance matrix.
The concordance sets and related values in the concordance matrix for C ij for i = 1, 2, and 3 and j = 1, 2, and 3 are as follows:
Finally, the concordance matrix is developed as follows:
The discordance set is the complementary of concordance sets; therefore: weighted normalized decision matrix, all discordance values of the discordance matrix are calculated as follows:
With the same approach, d 13 
Finally, the discordance matrix is developed as follows:
In the comparison of two alternatives A k and A l , a higher value of the concordance index represents the more preferable alternative, and a higher discordance index value represents a less favorable A k in comparison with A l .
In order to develop the concordance dominance matrix, a threshold value is calculated based on the concordance index values of the concordance matrix. This threshold value is calculated as follows:
Therefore, dominance concordance matrix is developed as follows:
In order to develop the discordance dominance matrix, a threshold value is calculated based on the discordance index values of concordance matrix. This threshold value is calculated as follows: Therefore, the dominance concordance matrix is developed as follows:
domi nance disc orda nce matr ix
In order to determine the aggregate dominance matrix, the intersection of the two concordance and discordance dominance matrices is calculated as follows:
where each individual array value in the matrix e kl is the product of arrays of concordance and discordance matrices with the same positions.
In developing the final ranking, if e kl = 1, A k is preferred to A l . The aggregate matrix A 3 has dominance on A 2 , but A 1 and A 2 can be categorized as the same rank, because none of them shows clear dominance to the other one. Therefore, ˜ A 1 ≈˜ A 2 and A 2 < ˜ A 3 .
Final ranking based on VIKOR
Considering the basic decision matrix, the ideal and anti-ideal points are developed as follows:
The maximum and minimum values of alternatives for the same criteria are taken for finding the ideal and anti-ideal points as follows:
max of ˜ x i j for i and j = 1 , 2 , and 3 In VIKOR, ˜ S i and ˜ R i are calculated as shown below.
where f * i , f i − , and f ij are parameters derived through Eqs. (45) and ( 47 ). 
Statistical comparison of ranking methods using Kendall's tau-b and Spearman's rho
While several alternatives in a decision matrix are ranked by several decision ranking techniques, the produced ranks for those alternatives would have different levels of similarities. Conceptually, in order to investigate the similarities of the produced ranks, the Kendall's tau-b and Spearman's rho were selected to analyze the produced ranks through different decision-ranking methods in terms of their pairwise correlations. These two statistical tests are non-parametric tests that are used to measure the ordinal association between the two measured quantities. The Kendall's taub represents the similarities in the ordering of ranked quantities. For identical produced ranks, the Kendall's correlation coefficient would be 1, and for full differentiated produced ranks (completely dissimilar), the Kendall's correlation coefficient would be −1. Basically, the Kendall's tau-b and Spearman's rho are considered as two accepted measures of non-parametric rank correlations that are used for bivariate analysis of the values' ranks. In more detail, Spearman's rank correlation coefficient represents a monotonic function describing the strength of the linear relationship between the produced ranks. Conceptually, Spearman's rho is equal to the Pearson correlation coefficient between the obtained ranks of two measured variables, which here are two sets of alternatives.
Since the same sort of rank ranges are produced for all decision-making techniques (except VIKOR and ELECTRE); therefore, the mean of the ranks from the application of all techniques will be same. As a result, non-parametric tests should be used to see how the final ranks compare among the methods. In both developed tests on ranked value, the objective is to show how different decision-making methods lead to similar and dissimilar ranks. These two nonparametric tests were performed to describe the strength of correlation between the rank orders of two groups. Both Kendall's tau-b and Spearman's rho are performed for investigating the correlation of rank orders for each pair of two groups.
Kendall's tau-b
Kendall's tau-b test is a coefficient indicates the concordant and discordant association between the ranks of two compared groups of ranks. Kendall's tau-b coefficient is calculated using Eq. (64) as follows [43] : where
is the number of concordant pairs, n d is the number of discordant pairs, t i is the number of tied values in the i th group of ties for the first quantity, and u j is the number of tied values in the j th group of ties for the second quantity [44] .
This formulation yields τ B between −1 and + 1. The value of −1 stands for 100% negative association, and the value of + 1 stands for 100% positive associations. The value of zero stands for the absence of any association.
Spearman's rho [43]
In order to assess the correlation between the bivariate pairs of data in the form of rank values, Spearman's rho is calculated.
The Spearman rank correlation coefficient, denoted by ρ, is defined using Eq. (65) as follows: 
Sensitivity of final ranks to the selected fuzziness intervals
The fuzziness interval is related to the uncertainty level, degree of bias, and random nature of the values. The fuzziness intervals are selected from different biased and unbiased distributions. The main concept behind selecting the fuzziness values from different distributions is to investigate the sensitivity of final rankings to the fuzziness levels.
Sensitivity of the similarities and dissimilarities of different decision ranking methods to dimensions of the decision matrix
In this section, the same decision-making matrices are simulated in the form of different matrix sizes, and the final rankings are compared to each other statistically. Statistical analysis is performed to investigate the role of matrix size on the final rankings. In the simulation process, five different decision matrices with different combinations of alternatives and criteria of D Tables 2 and 3 represent a sample of the statistical results of the Kendall's tau-b and Spearman's rho tests developed to investigate the significant correlation percentage among the order of the ranks developed by 9 different methods on the same decision matrix with 15 alternatives and 15 criteria (D 15, 15 ). The significant values in Tables 2 and 3 Tables 2 and 3 indicate that there is extremely similar performances between two tests of Kendall's tau-b and Spearman's rho; therefore, Kendall's tau-b has been selected to evaluate the similarity and dissimilarity of the final ranks produced by different decision-ranking techniques. Whenever reported p-values less than α-level = 0.05, which indicates that there is a statistically significant correlation among the produced ranks of the two compared methods.
Numerical results and discussion
Figs. 2-6 illustrate the statistical results of the correlation significance percentages among 9 different ranking methods applied on decision matrices with the random left and right spreads of triangular fuzzy values and sizes of . Generally, the ELECTRE method did not produce a complete sorting of alternatives; therefore, we excluded it from the statistical comparison of the performances of the ranking methods. Fig. 7 illustrates multiple comparisons of statistical results of correlation significance percentages among different ranking methods applied on symmetrical decision matrices with 3, 8, and 15 alternatives. The numerical results in Fig. 2 show that, for the 50 sets of decision matrices of D 3, 3 (3 alternative and 3 criteria), SAW, in comparison with the other 8 methods, had the highest significant correlation percentage (76%) with the AHP2; WPM had the highest significant correlation percentage (68%) with SAW; CP had the highest significant correlation percentage (66%) with the AHP2; TOPSIS has the highest significant correlation percentage (50%) with the VIKOR; and AHP1, AHP2, AHP3 and AHP4 behave similarly and have the highest significant correlation percentage with each other. AHP1 and AHP3 produced 100% correlation percentages. AHP1 had the lowest similar behavior with TOPSIS. VIKOR had similarly significant correlation percentages with the other methods. The same interpretative approach applies for Figs. 3 Numerical results in Fig. 7 indicate that, as the size of the decision matrices (number of alternatives) increases, the percentage of statistically significant correlations increases.
Graphical illustration of the statistical analysis in Fig. 8 shows that, statistically, for matrices with an equal number of alternatives, as the number of criteria increased, the statistically significant correlation percentage decreased as investigated for 50 sets of decision matrices of D 8, 4 and D 8, 8 .
The graphical illustration of the statistical analysis in Fig.  9 shows that, statistically, for matrices with an equal number of alternatives, as the number of criteria increases, the statistically significant correlation percentage decreases as investigated for 50 sets of decision matrices of D 15, 8 and D 15, 15 . However, the difference in the significant correlation percentage for matrices with 15 alternatives with a different number of criteria is less than matrices with 8 alternatives, because, as shown in Figs. 8 and 9 , with an increasing number of alternatives, the percentage of statistically significant correlation increased.
Conclusion
The findings rank MCDMs under fuzzy environment by the performances and show when simple MCDMs match the performance of complicated MCDMs, making it possible to optimize results while minimizing computational effort. The findings also reveal several general results. Statistical analysis of the decision matrices  D 8, 4 , D 8, 8 , D 15, 8 , and D 15, 15 , shown in Figs. 7 and 10 , indicates that SAW, TOPSIS, WPM, AHP1, AHP2, AHP3, and AHP4 have similar performances; AHP1 and AHP3 produced identical performances, and AHP2 and AHP4 produced very similar performances. In contrast, as compared to the other methods, CP and VIKOR had a less significant correlation percentage. Notably, Fig. 11 shows that when the uncertainty levels are raised through equal increases in the left and right spreads (i.e., when the uncertainty is changed symmetrically) there was no significant impact on the final ranking. Fig. 12 , for its part, shows the performance of the ranking methods compared with SAW in finding the first rank among all alternatives. Since VIKOR, in comparison with the other methods, categorizes several alternatives with the same ranks, it exhibits more similarity to SAW. However, when the other ranking methods are compared to SAW, SAW and TOPSIS exhibit higher similarity for choosing the first rank from decision matrices D 8, 4 , D 8, 8 , D 15, 8 , and D 15, 15 .
The numerical results, along with the examples for each individual method, show that SAW, WPM, CP, and TOPSIS are computationally simple to apply; in contrast, ELECTRE, VIKOR, and the four types of AHP are computationally large and elaborate. In comparison with the other evaluated methods, SAW proved to be an especially simple method to understand and apply in ranking the alternatives of a decision matrix.
The graphical representation of the results of statistical analysis, shown in Fig. 7 , indicates that in most of the evaluated methods except VIKOR, by increasing the size of the decision matrix (number of alternatives), the percentage of significant correlation among the ranks of pairwise compared methods increases regularly for SAW versus WPM, CP, TOPSIS, AHP1, AHP2, AHP3, AHP4, and VIKOR; WPM versus SAW, TOPSIS, AHP1, AHP2, AHP3, and AHP4; TOPSIS versus SAW, WPM, AHP1, AHP2, AHP3, and AHP4; AHP1 versus SAW, WPM, AHP2, AHP3, and AHP4; AHP2 versus SAW, WPM, AHP1, AHP3, and AHP4; AHP3 versus SAW, WPM, AHP1, and AHP4; and AHP4 versus SAW, WPM, AHP1, AHP3, and AHP4. Statistical results show that VIKOR has the lowest significant correlation percentage with the other methods. Significant correlation among the methods demonstrates strong similarity of the ranks' orders between pairwise compared methods applied on the same sort of alternatives. As the size of matrices increased, the similarity of rank orders increased. Numerical results in Figs. 8 and  9 demonstrate that increasing the number of criteria in decision matrices with equal numbers of alternatives led to a lower percentage of significant correlation among the ranks obtained from different methods. Since some methods produce similar ranks, and considering that different methods have different levels of difficulty, it is rational to use the easiest and simplest method for developing the full range of ranks on the same decision matrices. For the investigated decision matrix sizes, the Kendall's tau-b correlation coefficients have been provided as supplementary data sets through the excel files, in which they provide reliable sources for investigating the correlation strengths between the produced ranks by different MCDM techniques applied on the same decision matrices. In addition to the multiple comparison of statistical results of correlation significance percentage, it is recommended to investigate the magnitude of the correlation coefficients among the produced ranks by different techniques when those techniques are applied on the same decision matrices.
The methods selected and discussed through this paper are classic, but still in use; for example, the Analytical Hierarchy Process has been in continuous use since the 1970s. However, there is a need to discuss and investigate recently developed techniques, such as stepwise weight assessment ratio analysis (SWARA), the weighted aggregated sum product assessment (WASPAS), additive ratio assessment (ARAS), the method of complex proportional assessment (COPRAS), multi-objective optimization by ratio analysis (MOORA), and MOORA plus a full multiplicative form (MULTI-MOORA). The evaluation of these techniques, absent in this paper, is suggested as a future direction of research.
